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Abstract

In this supplementary material the reader may find: (i) more details about derivations of 3D straight line projection with
different rolling shutter (RS) models (section. [I). (ii) Details of practical 4-curves linear solution (R4C) (section. [2). (iii)
Besides, we give proofs of degeneracy analysis (section. [3). (iv) We also provide correction results of a RS video by our
method.

1. Details of Parametrization of 3D Line Projection

In order to parameterize 3D straight line projection with different RS models, we first denote components inside intrinsic
matrix K of a calibrated RS camera as:

f: 0 0
(K"H)™'=|0 f, 0 (D)
cx ¢y 1

Thus, a 2D projected line for global shutter (GS) model in Eq. (6) in the paper can be further expressed as:

xr Yy x . Yy z
ffmcipu’ + fymcipU + Cl?mcip + Cymcip + mcip (2)
T
L . . e y -
where we let the direction vector of straight line as m;, = (mcip Mgy mcip)

1.1. Deriving 3D Line Projection with Uniform RS Model

The uniform RS model considers both translational and rotational motion during image acquisition. We denote the linear
velocity as d and the angular velocity as w, and the translation between the v-th row camera frame and world coordinate
frame as t% + dv while rotation is (I + [w]xv)RE,. t¥ and RS, are translation and rotation matrix for the first row which
we set as reference row. Thus, the 3D straight line expression in Eq. (4) in the paper for GS case will change according to
uniform RS camera ego-motion:

R, = ((I+ [w]xv)R;,) "Ry
te = (twvtwtz)—r = (Rw)T(th + dv) A)
(acv bc) = (aw - t:m bw - ty)
In order to make it easier to derived curve expression, we let:
R. = (I+ [w]xv)R) 'Ry = RYR,, + RY[w]xRyv = A+ Bo
e =a, — R tY =R dv=C"— D “4)
be = by — R ,tY —R],dv=C? - Db



where, A and B are two 3 x 3 matrices, C%, C®, D% and DP are scalar variables. Thus, the direction vector of straight line
my,;, are now also determined by row-index v:

(CaAu — CbAu) (CaBlg — D%Aq5 — CbBH + DbAu)’U + (DbBH — DaBlg)’U2

czp
mcw (C" Ay — C*Az1) + (C*Bay — D" Agy — C*Bay + DPAgy)v + (D Bay — D Boz)v? )
me, = (C*Aszy — C®As1) + (C?Bsy — D*Asy — C*Bsy 4+ DY Asy)v + (DPBsy — D Bsy)v?

We rewrite Eq. using auxiliary variables L{, LT, L, Lg, Lll’, Lg, L§, LT and L3 in oder to do further derivations:
mg, = L§ + Liv + L3v*
mY;, = L§ + L{v + Ljv* (6)
mé, = L + Liv + L5v®

Now we substitute m;p in Eq. @) by Eq. @) We can obtain expression of a curve instead of a straight line:

Uni cupve(u,v) = (£, LYV + (foL3)0%u + (fy LY + caL§ + oy LY + L3)0?
+ (felD)vu+ (fyLg + caLi + ey L + Li)v + (fol§g)u + (calg + ¢y Lg + L) (7
:Unif F1U3 _|_Unlf FQU2U +Unlf F3'U2 +U71’Lf F4Uu _|_Un7.f F5U +U’n’Lf Fﬁu _|_U’r7,7,f F7 =0

There are seven coefficients in Eq. : Unif py Unif p, Unif pp Unif g, Unif g Unif proand Unif

As with the previous models, when d and angular velocity w equal to zero, Eq. (7)) will collapse into Eq. (2) as a GS case.

1.2. Deriving 3D Line Projection with Linear RS Model
Distinctively, if we assume that the angular velocity w is equal to zero. Eq. (@) becomes:
R.=RJRy
te = (t,ty, )" = (Ry) ' (£ + dv) (8)
(ac> bc) = (aw - t:ca bw - ty)

Thus, the straight line director vector m;, can be expressed as follows:

Meip = ((aw — Rlltw)RcH = (bw RTQtw)Rcll) + (R$2Rc22 - RuT;1Rc12)dU

mglp ((aw R;r;ltw)Rc22 - (bw RTQtw)R(,Ql) + (R;HFQR(Ql - R;ZlRCQQ)dU (9)
My = (aw = Ry t¢) Resa — (bu — Rty ) Rest) + (R Resr — Ry Resa)dy

We denote Eq. (E[) using auxiliary variables L, L, Lg, Lll’, L§ and L7 in order to do further derivations:

czp Lg +L
my;, = Lg + Liv (10)
czp - LO + L

Now we substitute mc;p in Eq. @) by Eq. (E[) Curves expression in Eq. (M) becomes a hyperbolic curve:

Lincyrve(u,v) = (fy LY)0? + (foLT)vu+ (f LY + co LT + ¢y LY + Li)v + (fo L§)u+ (fL§ + ¢y LY + LE)

) , . 4 . (11)
_Lin F1U2 +LG FQ’UU +LG F31) _’_L’L’ﬂ F4u +LG F5 =0

There are five coefficients in Eq. (1 1): " [y, 1" [y, Lin s, Lin By and Fin Fy,



1.3. Deriving 3D Line Projection with Rotate-only RS Model

To obtain rotate-only model, we set linear velocity d to zero. Thus, Eq. becomes:

R, = ((I+ [W]XU)RZ;)TRw
te = (o ty,t.) T = (Ry) T tY (12)
(a07 bc) = (aw - ta:a bu) - ty)

Similarity, we assume:
Re| = (I+ [W}XU)RZ;)TRU) (13)
=RYR, + RY[w|xRyv=A +Bv

where, A and B are two 3 x 3 matrices. Thus, the direction vector of straight line mc;p is now also determined by
row-index v:

My, = (acAi2 — beA11) + (acBig — beB11)v

cip —
my, = (acAz — beAar) + (acBaz — beBay)v (14)
Mz, = (acAzz — beAszr) + (acBag — beBsp)v

We denote Eq. using auxiliary variables L{, L7, Lg, LZ{, L§ and L5 in order to do further derivations:

me;, = Lo + Liv
my;, = Lo + Liv (15)
me;, = Lo + Liv

Now we substitute me;p, in Eq. (2) by Eq. (14). Curves expression in Eq. (7) becomes another hyperbolic curve:

ot eurve(u, v) = (fy L0 + (foLT)vu+ (fy L + co LT + ¢y LY + Li)v + (fo L§)u + (foL§ + ¢, L + L§)

(16)
_Rot F1U2 +Rot FQUU +Rot Fg?) +R0t F4’LL +R0t F5 =0

There are five coefficients in Eq. : Rotpy Rotpy, Rotp, Rotpy, and Rot .

2. Details of the linear 4-curves Angular Velocity Extraction
2.1. Proof. Transformation from Eq. (9) to Eq. (10) in the paper.

We first number equations inside Eq. (10) in the paper and express them using intrinsic parameters defined in Eq. (T).

Fy = fy(siws — s3w1) 17

Fy = fi(s3w2 — saws) (13)

F3 = fys9 4 ci(sswa — saws) + ¢y (s1w3 — s3w1) + (Sow1 — s1w2) (19)
Fy= fzs1 (20)

F5 = frs1+ cysa + s3 (21)

In order to extract angular velocity from[I7)to 21| we can first substitute structure unknowns s1, sp and s3 just by angular
velocity parameters wi, we and ws. Thus, we define four auxiliary variables a, b, ¢ and d:
a=F5—Fy=cysy+s3 22)
Then we substitute s, using[I8]and 22} we have:

Fy a — S3
b:—:s;),wg—

fa Cy

ws (23)



Later, we further substitute s; using[T7]and[20] we have:

Fi Fy
= = w3 — S3w
fy  fa
Besides, we still need to substitute s1, 53 and ws using[I7]T8]and [T%
c a—s3 Fy
d=Fy— LR —2F, = (fy +wi)—— — —w
fy fm Y Cy fz
Finally, we substitute w3 and s3 in 23] 24]and 23]by w; and ws, then we get:
a F Qg
cyl(d— oy Ly — fuls wa + *W1w2 + *w1 (= “ly = fyd)][w2 — / 4

Cy Cy fl fx Cy Cy 4Cy

Eq. (26) can be re-written as a cubic bi-varibales polynomial from shown in Eq. (14):

C1W13 + ng22w1 + 03w12 + 040022 + Cswiws + Cowy + Crw2 +Cs =0

Where coefficients C'y to Cy are:

a’fof
Cy = L Jzly
! F4Cy
CF4
Cy=—-"~
Tk
afe afy , a,  frac Ja
Cs = (——=5)(d— 2L + — L
5= ( F4)( cy+cy)+F4cy+ F4cyac

Cs =dcy —afy +a+ fya+c+2aFyc,

_ g & fec, . fy @ L, £
Co = Fy (fyd ) i —(d acy + cy) + 2adcy — 2a” fy (b + Frc, ac)
dFyc? r
07 = (afy - fycyd) — fyc+ 2 f4 Yy _ 2acyf 4fy
Lk 2
O = (L0 = fud) + 6y = 20cy fyd + [y = [0+ 7 -ac)

2.2. Proof. Transformation from Eq. (10) to Eq. (11) in the paper.

We first re-write the four curves in the form of Eq. (27):

C’llwlg + C’Qlwgzwl + C§w12 + C’inZ + C51wloJ2 + C’éwl + C’%wZ + C’é =0
C%wls + C’22w22w1 + nglz + CZwQQ + nglwg + Cﬁzwl + C$w2 + Cg =0
C3uw® 4+ Cwowy + Cawi? 4 Ciwa? 4 Cwiwy + Cawy + C3w2 +C3 =0

Clw® + Clwowi + Chwi? + Clwy? + Ciwiws + Cgwr + Cow2 + Cg =0

Now, we defined three auxiliary variables:

=0

(24)

(25)

(26)

@7

(28)

(29)

(30)

(3D

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)



1
1_Cl

=5 (40)
1
Cl
r? = C—§ (41)
1
1 12
3 C3—rC3 (42)

e y=Tor
Then we can substitute wo by wy by using Eq. (36), (37)., (38) and auxiliary variables above.
Eq.(36) — ' Eq.(37) — 7*(Bq.(38) — r2Eq.(37)) (43)
Then we get:
Tlw? + Tyws + Tiwiws + Tiws + Thws +Tg =0 (44)
Coefficients T} to T} are calculated by C} to C3. Then we use Eq. to replace Eq. and under transformation
(@3). We obtain:
T2w? + T3w2 + Tiwiwe + Tiwy + Tewa + T2 =0 (45)
2.3. Proof. Transformation from Eq. (11) to Eq. (12) in the paper.
At this stage, wo can be substituted by w; using Eq. (#4) and Eq. @3):

(H1, Hy, Hy, Hy, Hs)(w},w}, wi,w1,1)T =0 (46)
where coefficients H to Hj are calculated T to T2. In such case, two bi-variables cubic polynomial equation turn into
a quartic polynomial equation with one unknown. Finally, Eq. (47) can be solved directly with four geometric possible
solutions, however, only one is correct. Therefore, we choose the most geometrically consistent value.
3. Degeneracy Analysis

We present derivation details of the three degenerate cases of the linear 4-curves solution.

3.1. Proof. Degenerate case 1

We assume a 3D line located within y-z-plan and a camera under an arbitrary ego-rotational along x-axis during acquisi-
tion. This leads to the following configuration:

{2 =< Ry, (G4, by)) >= {< R(V21,0,0),(0,Vae) > |21,22 € R} @7

w = {[Vz,0,0] |z eR}

where R(a, b, ¢) is rotation matrix generated by rotation angles a, b and ¢ along x-y-z axis respectively. Substituting in Eq.

[@7) into Eq. (13)-(16) with RY =T and t{/' = [0;0;0] Eq. (17)-(21) becomes:

=0
FQ - 0

Fy=f,L{ =0 (48)
Fy=1L¢

Fs=c, L + L

The equation above indicates that if an arbitrary 3D line within y-z-plane is observed by a RS camera under ego-rotational
along x-axis, no matter magnitude of speed, all of these lines will be projected as the same 2D line u = ¢,/ f,. In other
words, a projected curve can be explained by multiple configurations {< Ry, (@, b)) >, w}. Thus, configuration in Eq.
@7) is a degenerate one.



3.2. Proof. Degenerate case 2

This time, we assume a 3D line located within x-z-plan and camera under arbitrary ego-rotation along y-axis during
acquisition. This leads to:

£ =< Ry, (aw, b)) >= {< R(0,Vz1,0), (Va2,0) > |z1,29 € R} 49)
w = {[0,Vz,0] |z € R}
Thus, Eq. (T7)-(21) becomes:
Fi =0
F2 = 0
F3 = f,L§ (50)
Fy=f,L§=0

Fs =c, Ly + L

The equation above indicates that if an arbitrary 3D line within y-z-plane is observed by a RS camera under ego-rotation
along y-axis, no matter magnitude of speed, all of these lines will be projected as the 2D lines v = ¢,/ f,. Therefore, the
configuration in Eq. is also a degenerate one.

3.3. Proof. Degenerate case 3

We assume a 3D line parallel to x-axis and camera under arbitrary ego-rotational along x-axis during acquisition. It leads
to:

£ =< Ry, (ay,by)) >= {< R(0,7/2,0), (V1,Vr3) > |21,22 € R} 51)
w = {[Vz,0,0] |zeR}
Thus, Eq. (T7)-Z1) will change to:
F = _fybwwl
F,=0
F3 = fng - Cybwwl + aywy (52)
Fy=0

Fs = ¢, L + Lj

Equation above indicates that if an arbitrary 3D line parallel to x-axis is observed by a RS camera under ego-rotational
along x-axis, no matter magnitude of speed, all of these lines will be projected as horizontal 2D lines in image as F,v? +
F3v 4+ F5 = 0. Indeed, each of these lines can be explained by the coupling of a.,, by, and w. Therefore, the configuration in
Eq.(51) is also a degenerate one.



