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In this document, we provide the additional details for the
mathematical derivations. We denote an equation in the main paper
by using underline. For example, Eq. (1) indicate the first equation
in this document while Eq.(1) (with underline) denotes the first
equation in the main paper.

1 DERIVATION OF EQ.(20) AND EQ.(21)

The expression of A in Eq.(16) is rearranged as shown below to
obtain a system of linear equations in w1y and d; :

A = —Ro[wl]x + 1:{0(2111’1(—3r + tong[wl]x
= (—Ro + tonoT)[wl]X =+ RodlnoT
—_—
G
(G Deywi = (Gt
= (*GT Jywi + (GT )3ywi
(GHwwi = (G")wi
n%RO’(l)d1 ngRo’(l)dl
+ ngRoy(g)dl ngR07(2)d1
n3R07(3)d1 ﬂ,gRQ(g)dl

ngRo,1yd1
n§R07(2)d1
ngRo,(3)d1

0 —G13 G2 ngRo)] A

G13 0 -G n§Ro,) T A

-Gz Gn 0 ngRo, (1) w%’ A3

0 —Ga3 G2z  ngRoy (2 wi A

= | Ga3 0 —Ga1 n§Ro (2) il = A2

—G22 G21 0 nﬁRoﬁ(g) d11; A1,23

0  —Gs3 Gs2 ngRom di A1z

G33 0 —G31 ngRO’(g) 1 A1,32
—-G3 Gz 0 ngRo,3) | A1,33(1)

Similarly, for Eq.(21), the expression of Ay in Eq.(16) is
rearranged as shown below to obtain a system of linear equations
in wo and ds:
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Q.E.D.

2 DERIVATION OF EQ.(23)
We first substitute Eq.(13) into Eq.(17):

a;q’; = Hpsiq;
= (HGS +Hyv; + HQU:; + HB'Ui'U;‘f' 3)
H,of + Hyv}v) + Hev] + Hyolv))q

Then we list three equations from each row of Eq. (3) respectively
as follows:

au's = (Hgg, (1) + Hy (v + Ho (1yv;
+ Hg,(l)vivg + H4_’(1)Ui2 + H57(1)Ui2’l};- 4)
+ H67(1)1}? + H7)(1)’U?’Ug)q,‘

a;iv'i = (Hgs,(2) + Hy (2yvi + Hy (9)0;
+ Hgﬁ(g)vivg + H4,(2)Ui2 + H57(2)Ui27)§ 5
+ Hﬁ,(z)U;3 + H7,(2)U?U§)Qi

a; = (Hgs,3) + Hy 3yv; + Hy (3)0;
+H;y gyviv, +  Hy 307 +H;s 3070, (6)
+ Hg (3)0; + Hy (3)0]v})q

where Hgg, (5 is the i row of Hgg. Now we substitute Eq. (6)

into Eq. (5) to eliminate «; and obtain a quadratic equation w.r.t.
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by naming the coefficients of second degree, first degree and
constant terms as a, b and c respectively, we obtain the mapping
function from q; to v} which is described by B(u;, v;) in Eq.(23)
as:

—bEVb?—4
Blui,v;) = Tac ®

Finally, by substituting Eq. (6) into Eq. (4) to eliminate «;, we
obtain the mapping function from q; to w} which is described by
a(u;, v;) in Eq.(23) as:

a(u;,v;) = -
where
d = (Hgs,1) +Hy, yvi +Hy (1) B(us, v;)
+ Hy (1yviB(ui, v;) +  Hyyv] + Hs (1)v7 B(u;, v;)
+ Hg, (1yv) + Hy (1yv] B(ui, v;))q; ©)

e = (Hgs,3) + Hi, 3)vi + Hy (3)8(ui, v;)
+ Hj 3yviB(ui, v;) +  Hy 307 + Hs (3)07 B(u;, v;)
+ H, (3)v] + Hy (3yv] B(ui, v;))q

QED.

3 DERIVATION OF EQ.(24)
We first substitute Eq.(16) intoEq.(17):

oy =Hpsqi = (Hgs + Ajv; + Agvj)q; (10)
Then we list three equations from each row of Eq. (10) respec-

tively as follows:

aiu’s = (Hgs, (1) + Ay (1yvi + Ag 1)) di 1
aiv's = (Hgs,2) + Ay 2)vi + Ag (2)0;) i (12)
o = (Hgs,3) + A1,3)vi + As (3)0])di (13)

where Hgg, ;) is the i" row of Hgg. Now we substitute Eq. (13)

into Eq. (12) to eliminate «; and obtain a quadratic equation w.r.t.
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v;:

2
(Ag (3)a:) v+ (Hes,3)¢ + Aq,(3)qi0i — As (2)0:) v;
— b
+ (—Hgs,2)¢ — A1,2)q:vi) =0

‘ (14)

by naming the coefficients of second degree, first degree and
constant terms as a, b and c respectively, we obtain the mapping
function from q; to v} which is described by B(u;, v;) in Eq.(24)
as:

b+ Vb?2 -4
Blui,v;) = Tac (15)

Finally, by substituting Eq. (13) into Eq. (11) to eliminate «;,
we obtain the mapping function from q; to ) which is described
by a(u;,v;) in Eq.(24) as:

d
aug,v;) = —

where

d= Hgs,1) + Aq,1)vi + Ag (1)B(ui, v:))ds (16)

e = (Hgg,3) + A1,3)vi + Ag (3)8(us, vi))qs
Q.E.D.



